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Abstract-The mass operator for the system of intramolecular oscillations 
interacting with the lattice phonons is calculated. With the use of a linear 
chain model it was shown that the frequency dependence of the mass operator 
causes a deviation of the shape of the absorption curve from the Lorentzian 
one and an appearance of additional maxima on the tails of absorption bands. 

1. The General Expression 
It was noted in Part 1 that the frequency dependence of the imaginary 
part of the mass operator causes a Werent temperature dependence 
of the intensities of the components of the Fermi-doublet. To 
clarify the character of the frequency dependence indicated, we shall 
calculate the mass operator of the system for some model. We 
assume that the excitons interact only with the optical lattice 
phonons, predominantly with one certain type of phonon of frequency 
D. With these restrictions, 

All the notations are the same as in (Part I). To be definite, we 
calculate Mfc(k,w), since the transition to the MfT’(k,w) demands 
only the change of the sign before 52. The determinant A,,+(k,q’,w) 
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2 MOLECULAR CRYSTALS A N D  LIQUID CRYSTALS 

is a quadratic triplex in relation to the frequency w and it can be 
represented as a, product 

d,,+(k,q’,w) = [w - w-(Q)l[w - w+(Q)] (2) 

w *(Q) = w*O-Q ( 3 4  

(3b) 

(44 
(4b) 

A{:+ (k,q‘,o) as before denotes corresponding algebraic complements to 
the determinant A1,+. Having introduced (2) and (4a) into ( l ) ,  we 
get 

w f o  = &[Zll(k+q’)+Z”(k+q’)] 

* + J[Zll(k + q’) - Zaa(k + q‘)la + 4[Zla(k + q p  
ZT:<(k +q‘,w) = (W + Q)6,,,t - Zg‘”(k +q’) 

d,,,(k+q’,w) = det I1 Zf:/:(k+q’,w) I1 

where 

A ~ ” ( u * ~ )  = P*l’(k,q’)F1”(k,q’)[~*o - Za*(k +q’)] 
+ P*%f(k,q’)Plf’(k,q‘)Za1(k +a’) + F*lf(k,q‘)Paf’(k,q‘)Z1a(k + 9’) 

+P*a’(k,q’)F’”(k,q’)[w*O - Z“(k + q’)] (6) 

All the subsequent calculations we shall make for a special model, 
namely the linear chain. The scheme used by Davydov“) will be 
employed. To do this, we look for an obvious form of the binding 
function Rfg(k,q’) and of the values Zfp(k + q‘). According to our 
previous paper,@) 

(‘a) 
(7b) 

Zfg(k + 9‘) = d ~ f s , ,  + Dfg + & f g ( k  + 9‘) 

&fn(k + 9’) = c‘ M{tei(K+q’)m 
m 

Dfg is a constant independent on the wave vector: at the dipole 
approximation for the molecules with a centre of inversion it is 
equal to zero. For the sake of simplicity, we assume Dfg = 0 though its 
account will introduce no qualitative specialities into the calculation 

is a matrix element of the transfer of the excitation from the 
molecule at the site o to the molecule at the site m. 

We consider a linear chain orientated along the 1; axis and com- 
posed of molecules at a distance a from each other. They can 
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TEMPERATURE DEPENDENCE.  I1 3 

perform translational motions and rotations around the equilibrium 
position. We take that an exact Fermi-resonance is observed. 
Then@) 

where d is the dipole momentum of the transition in the molecule for 
the main tone in absence of the resonance. I n  this case both the 
transitions are connected with the same dipole momentum, which we 
consider to be orientated in the plane XZ at the angle w with the 
2 axis. Taking account of (8) and having confined ourselves to the 
first term of the sum in (7b), we get 

z 
4 

&fg(k + 9') = - cos (k + q')a (9) 

Here 
4dy 1 - 3 cos%) Z =  

as 

The absolute value of 2 gives the width of the exciton band. As we 
see from formulae (9) .here is no dependence on indexes f and g 
in the right hand part, which simplifies the subsequent calculations. 

Similarly, we can get the functions of interactions of excitons with 
the photons 

F"(k,q') = (2152)-'/' { - 3A"iZ [sin ka - sin (k + q')a] 
4a 

(104 
[ cos ka + cos (k + q')a] 

3AuZ sin 2v 
i- 8( I - 3 cos*w) 

where I is the momentum of inertia of a molecule, Au and A#/a are the 
relative amplitudes showing the contributions of rotations and of 
shifts along Z axis into the optical branch correspondingly. We 
assume that the first terms of the sum in (10a) is small, thus taking 
that the optical branch is caused by the rotations of molecules 
relative to the equilibrium position. Such an approximation does 
not affect the qualitative results of the theory. 

In  the following we shall use the notation 
3 A "2 sin 2v 

8 Jzrs(1 - 3 cos%) B -  
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4 MOLECULAR CRYSTALS AND L I Q U I D  CRYSTALS 

If we introduce (7a), (9), (loa) and (lob) into (6) and take account of 
(3b), then we obtain 
Aff'(w*O) = p[ cos ka + cos (k +q')aIa 

x [ +,/S'+fcosa(k+q')a+-cos(k+qf)a.] 2 (6b) 
2 

where 
6 = A d  -A€' (11) 

w+o - W-0 = ,/P +: C O S ~  (k + q')a (12a) 

w - w * ( Q )  = E - #  (12b) 1 
Ac' + 4.2 

2 
€ = w + Q -  ( 12c) 

It will be convenient for the subsequent analyses to express all the 
Assuming 2 > 0 we quantities as the width of exciton bands. 

introduce the notations 

Using instead of summation at q' an integration with the help of the 
equation r $  1 ... = %/a2 1 ... 

where 
z = (k+q')a; x = ka 

and having introduced (6b), (12e-12c) and (13) into (5), we get a 
final expression for the mass operator 

2y*-po s" ( cosx + c0Sz)a { JZ0a+ COS2Zf  cosz 
M+(k,w) = - 

-n JaO8+ C O S ~ Z  c0 - J S o 2  + C O S ~ Z  - cosz +iv 

(15) 

The value ir] which has appeared in the denominator is caused by 
the necessity of the substitution of w for o +iq in the finite exprea- 
sions, to show the rule of the rounding of the poles. Besides, we 

Js,,~+ cosaz - coaz + 
€0 + J6oa -t COS'Z - cos z + iq 
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TEMPERATURE DEPENDENCE.  I1 5 

take cosz = 1 since the momentum of a photon is small. The mass 
operator is a complex quantity which determines the width of the 
absorption bands and their shift caused by the interactions of 
intramolecular vibrations with the lattice phonons. Let us calculate 
the real and imaginary parts separately. For this we use the relation 

1 1 -- -P- -inS(z) 
x+iq  2 

2. The Imaginary Part 
After the introduction of (16) into (15), we get 

(1 + cosz)a 
-n J6,'+ cosaz 

ImM+(k,w) = - 2v0-jI0 

x {( J 8 , p s i z  + cosz)6(ao - */8,a+ cosaz - cosz) 

+ ( JaOa + C O S ~  z - cos z ) ~ ( E ,  + daOa + C O S ~ Z  - cos 2)) dz. (17) 

The S function entering the expression (17) is a complex one, and 
integration with its help can be done with the use of equation(*) 

where zi are the roots of the equation +(z) = 0. It is easily seen that 
these roots are determined by the equation. 

2€o 

and depending on the sign of the c0 the contribution into the solution 
is made either by the first or by the second term of a sum inexpression 
(17). If we introduce (18a) and (18b) into (17) and take into account 
that cos z is even function, we get 

The signs k are related to inequalities E ,  >< 0 correspondingly. 
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6 MOLECULAR CRYSTALS A N D  LIQUID C R Y S T A L S  

3. The Real Part 

2v0-p.f" (1 + C 0 S Z ) Z  
ReY+(k,w) = - 

77 -. J8,Z + cosaz 

&,a + cos'z + cos z 
x {  €0 - Jtioa+ cosaz - COSZ 

I dz 

J8,Z + COSZ 2 - COS 2 

€0 + &,a + c o s ~ z  - cos z 
+ (20a) 

Here the dash near the sign of the integral means that the latter 
must be calculated in a sense of the principal value. It will be con- 
venient to introduce a new variable 

JSOZ+ cosaz = cosz+x (21a) 

If we also take into account that the even function of z is under the 
sign of the integral (20a), than after the simple transformations we 
get 

(20b) 

where 
Xb = JSOB + 1 + 1 

(2lb) 

XH =JtiOa+ 1 - 1 

It is evident from Eq. (20b) that this integral cannot be taken in 
algebraic form since it is the elliptical integral. Subsequent simplifi- 
cations of expression (20b) can be made by separating the odd and 
even parts of the functionf(x) under the integral sign according to 
the relation 

If we rewrite (20b) as 

ReM+(k,w) = J,+ J, (23) 
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TEMPERATURE D E P E N D E N C E .  I1 7 

where J ,  and J ,  are connected with the even and the odd parts of 
f(z) correspondingly, then 

where y = 2 2 .  The sub-integral function (24a) can be represented in 
simple fractions, which gives a set of integrals of a form 

where k = 0, l ;  i = 1,2,3. They can be easily calculated with the 
help of a simple substitution of the variable 

J(s2 - y)(y - X H 2 )  = V(y.- 2H2) (24c) 
The values ai in (24b) are determined as follows 

So4 a, = 0; a2 =a; a, = eoB 
€0 

and ~ 2 ~ ~ 3  are frequency-dependent, according to (12c) and (13), so 
that the value of the integral 
intervaI where it is calculated. 

2s0a 
J z  = vo-Po [T 

(24b) depends upon the frequency 
The result of the calculation is 

- 2 ~ 0  - 5 + #J(&J] (264 

where 
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8 MOLECULAR CRYSTALS A N D  L I Q U I D  C R Y S T A L S  

- 1 for I e0 I < X H  

/-& = + 1 for 1 E O  I >xb (264 i .  0 for X H  < I €0 1 < xb 
It is seen from (26a) and (26b) that the integral goes to 0 when 
e 0  -+ 0 ;  f C O ;  its sign being determined by the signs of eo and p. 
Inside the interval [xH,xb] J ,  will be a smooth function; when we 
approach the boundaries of this interval from the outside J, goes to 
infinite. 

vo-Bo xb ax J ,  = - = f b B  J(x,' - Z"(X2 - 281) 

[(SO' - Xa)'80a + 4€02'( 8,8 - 5') + 4X2602 

(8,' - 

EO2X8 - 6,y 

( 2 7 4  1 - 4Xa( 80' - S'))E0 + 4 X y  

2 2  - E0' 
+ 

The sub-integral function can be also expanded in fractions relative 
to xz so that the integral J ,  will take a form(5) 

(27b) 

where 

are the full elliptical integrals of the lst, 2nd, and 3rd type corre- 
spondingly. 

Here 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

7:
49

 2
3 

Fe
br

ua
ry

 2
01

3 



TEMPERATURE D E P E N D E N C E .  I1 9 

The value of J, ,  at large and small frequencies goes to the constant 
determined by the second member of the expression (27b). Near 
the values I c0 I = XH and I c0 I = xb in this expression also the 
specialities arise connected with the last two members. Their 
analyses show that J ,  is a smooth function inside the interval 
[zH, zb] while outside of it (near XH and xb) it  goes to infinity. 

All the calculations made so far were related to the value M+(k,u) 
of the mass operator. They will be held also for M-(k,w), one should 
only change the sign before SZ in finite expressions and substitute 
yo- for yo+. 

The real and imaginary parts of the mass operator are presented in 
Fig. la. 

If no interaction with phonons took place, there should be two 
sharp maxima in Fig. la with the peak frequencies wk0. 

Figure la. The maas operator and the shape of the absorption band for the 
case of linear chain at presence of the Fermi-resonance. 

The dashed line gives the imaginary part, the solid line the real part, the 
crossed regions the absorption bands. To the left from w&f(k,w) -vO to the 
right from w&(k,w) - (1 +vo). 
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10 MOLECULAR CRYSTALS A N D  LIQUID C R Y S T A L S  

The participation of the phonons leads to the shift and broadening 
of these bands. It is also seen from Fig. la that there will be four 
bands instead of two. 

This is apparently caused by the fact that the processes accom- 
panied by an absorption ~ E I  well aa those accompanied by an emission 
of lattice phonons both contribute to the mass operator. Then even 
for one level we must expect an appearance of two peaks separated by 
the distance - 252 (which depends a180 upon the structure of exciton 
bands). These peaks will be different since an absorption band is 
determined not only by the mass operator (see (1Oc) Part I) but also 
by the values of w - u+. In the frequency region where ImM(k,w) # 0 
and w - w+(+ = 0 the peak will be sharp, but when also w - a+( -) z 0, 
it will be essentially weaker. An account of the next approximation 
will make the sharp edges of the bands more smooth@) and the 
absorption spectra will become similar to that shown in Pig. lb. It 

Figure lb. 
of the corrections of the higher order. 

The shape of the absorption band at account in the mass operator 

may be possible that the additional maxima will be very weak or 
even completely absent ; this depends on the parameters R, 6, and 
fl,, of the substance. Thus, in addition to the effect of the resonant 
over-lapping of the bands (see Part I), when the half-width of the 
bands is comparable to the distance between the maxima, the 
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T E M P E R A T U R E  D E P E N D E N C E .  I1 11 

frequency dependence of Mfg(k ,w)  given an extra distortion leading 
to the appearance of an excess absorption maxima. 

If 6, + 0 as it is evident from (15), one of the members of the sum 
in the mass operator will disappear and we come to the case of one 
band.@) At  an increase of 8, the frequencies u-O and w+O drift from 
each other, and the absorption spectrum will consist of two isolated 
bands. It is also seen from Fig. la that upon decrease of the tem- 
perature, the intensity of the component w -  will surpass the ab- 
sorption in the maximum for the component w+, i.e. for the values of 
the parameters chosen the case c is realized (see Part I, Fig. 1). The 
change of these parameters can lead to the other behaviour of the 
components of the doublet examined. 
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